The efficacy of spatial diversity in practical free-space optical communication systems is impaired by the fading correlation among the underlying sub-channels. We consider in this paper the generation of correlated Gamma-Gamma random variables in view of evaluating the system outage probability and bit-error-rate under the condition of correlated fading. Considering the case of receive-diversity systems with intensity modulation and direct detection, we propose a set of criteria for setting the correlation coefficients on the small-and large-scale fading components based on scintillation theory. We verify these criteria using wave-optics simulations, and further show through Monte Carlo simulations that we can effectively neglect the correlation corresponding to the small-scale turbulence in most practical systems, irrespective of the specific turbulence conditions. This has not been clarified before, to the best of our knowledge. We then present some numerical results to illustrate the impact of fading correlation on the system performance. Our conclusions can be generalized to the cases of multiple-beam and multiple-beam multiple-aperture systems.
Introduction
Under clear weather conditions, one of the main challenges in free-space optical (FSO) communication systems is to reduce the effect of atmospheric turbulence, especially, when the transmission takes place over relatively long spans, on the order of several kilometers [1, 2] . To mitigate the resulting channel fading, a simple solution consists of aperture averaging by using a relatively large collecting lens in front of the photodiode [3, 4] . However, at relatively long link distances, the required lens size for effective fading reduction becomes too large and inappropriate for a practical design [4] . Spatial diversity is a more suitable solution which can be realized by employing multiple apertures at the receiver and/or multiple beams at the transmitter [4] [5] [6] [7] [8] [9] [10] . Nevertheless, this technique loses its efficacy * Corresponding author: ali.khalighi@fresnel.fr under the conditions of correlated fading on the underlying sub-channels. In fact, under moderate-tostrong turbulence conditions, the required spacing between the apertures at the receiver and/or between the beams at the transmitter to ensure uncorrelated fading is usually too large and unfeasible to comply with [4, 11] .
In most previously-published works on spacediversity FSO systems, fading correlation is either neglected or modeled by considering simplified channel models. For instance, in [12, 13] , the effect of fading correlation on the system bit-error-rate (BER) was studied by considering the log-normal distribution for the received intensity fluctuations. This model, however, describes well only the weak turbulence regime. In [14] , the K distribution was considered for the scintillation but this model is adequate for the strong turbulence regime.
We focus on the Gamma-Gamma (ΓΓ) distribution in this paper due to its excellent agreement with the experimental data over a wide range of turbulence conditions [1] . Multiple-aperture FSO systems under the condition of uncorrelated ΓΓ fading were considered in [1, 4] , for instance. Also, in [15, 16] , approximations to the sum of independent ΓΓ random variables (RVs) were proposed with applications to space-diversity FSO systems.
Correlated fading, on the other hand, was studied in [17] for the case of a multi-beam FSO system, where the multiple ΓΓ channels were modeled by a single ΓΓ distribution whose parameters were calculated by approximating the fading coefficients by correlated Gaussian RVs. However, when used to predict the system performance, this solution cannot guarantee enough accuracy. In [18] , a multi-beam air-to-air FSO system was considered, where approximate analytical expressions based on numerical fitting were proposed to calculate the parameters of the ΓΓ model, taking the fading correlation into account. However, the proposed expressions depend on the underlying system structure and cannot directly be used to accurately evaluate the BER in general. Also, a multivariate ΓΓ model with exponential correlation was proposed in [19] but this correlation model is not appropriate for most FSO system configurations. In a recent work [20] , we studied the impact of different system parameters on the fading correlation for the case of a receive-diversity direct detection FSO system.
Given that correlated fading conditions are unavoidable in practice, we consider in this paper the generation of correlated ΓΓ RVs, which is necessary for evaluating the system performance via Monte Carlo simulations, for instance. Without loss of generality, we focus on a multiple-aperture (i.e., receive diversity) FSO system and consider the outage probability and the average BER as the performance evaluation criteria. To generate correlated ΓΓ fading coefficients, we should decompose the fading correlation into two correlation coefficients corresponding to large-and small-scale intensity fluctuations in the corresponding sub-channels. However, it is not obvious how to do this decomposition since mathematically there are an infinite number of solutions. Some previous works have assumed that the fading correlation arises only from large-scale turbulence, e.g. [19, 21] . But to the best of our knowledge, no detailed study has been performed so far on the accuracy and correctness of this assumption. In this work, through an extensive and detailed analysis based on the scintillation theory and wave-optics simulations, we bring clearance on the fading correlation arising from large and small-scale turbulence. We also propose a set of criteria to do the correlation decomposition and validate them by means of wave-optics simulations. Moreover, using Monte Carlo simulations, we show that in practice we can effectively assume uncorrelated small-scale fading, irrespective of the underlying turbulence conditions, while obtaining accurate enough performance evaluation results.
The remainder of the paper is organized as follows. General assumptions and an introduction to wave-optics simulation are presented in Sections 2 and 3, respectively. Generating correlated ΓΓ RVs is then discussed in Section 4. Criteria for decomposing the fading correlation to small-and largescale fading components are proposed in Section 5, and verified through wave-optics simulations in Section 6. Next, the system performance study is presented in Section 7, followed by the conclusions in Section 8.
General assumptions
Without loss of generality, let us consider as case study a triple-aperture system that we denote by (1 × 3). The schematic of the FSO link together with the receiver geometry are illustrated in Fig. 1 . The centers of the collecting lenses of diameter D R are placed on the three vertices of an equilateral triangle. We denote the aperture center separation by Δ C , and the aperture edge separation by Δ E . We assume perfect beam alignment and consider a Gaussian beam at the transmitter and a PIN photodetector at the receiver. The general results of this paper remain valid if an APD is used. We assume that the receiver is thermal-noise limited, which is reasonable when we can neglect background radiations [22, 23] . Using the ΓΓ model, the received intensity I is considered as the product of two independent RVs, X and Y , which represent the irradiance fluctuations arising from large-and small-scale turbulence, respectively. The probability density function (PDF) of the normalized I is [1] :
(1) Here, α and β denote the effective numbers of largeand small-scale turbulence cells, Γ(.) is the Gamma function, and K υ (.) is the modified Bessel function of the second kind and order υ. We reasonably assume that α and β are the same for all the underlying sub-channels. At the receiver, we perform equal-gain combining (EGC) on the signals received on the different apertures, which has practically a performance close to that of optimal maximal ratio combining [5, 13] .
Wave-optics simulations
We use the well-known split-step Fourier-transform algorithm for numerical simulation of optical wave propagation, where the effect of atmospheric turbulence is taken into account by considering a set of random phase screens [24] . For this, we randomly generate phase fluctuations over an N × N grid. To obtain the phase fluctuation corresponding to the grid point (i, j), denoted by θ i,j , we generate in the spectral domain a Gaussian distributed RV C μ,ν with zero mean and variance σ 2 μ,ν :
Here, κ μ,ν is the spatial frequency at the grid point (μ, ν), k = 2π/λ is the optical wave number with λ being the wavelength, Δκ is the wave number increment, δ Z is the distance between two consecutive screens, and Φ n (κ μ,ν ) is the corresponding refractive index power spectral density (PSD) that follows the von Kármán spectrum [1] . Then, θ i,j is obtained by taking the inverse 2-D discrete Fourier transform of C μ,ν . This procedure is repeated for each phase screen. To achieve enough accuracy at low spatial frequencies, we perform a spectral correction in the subharmonic regime [24] . To obtain accurate results, the grid spacing Δ x and Δ y , the grid size parameter N , and the number of phase screens should be set appropriately.
To obtain the sub-channels' fading coefficients, we calculate the intensity at the transmitter and at every receiver aperture by summing the intensities of the grid points wrapped in the corresponding aperture. Then we calculate the sample Pearson correlation coefficients between the sub-channels. Due to the specific structure of the receiver (see Fig. 1 ), we have equal fading correlation coefficients between each pair of sub-channels. We denote this fading correlation coefficient by ρ in the following.
Generating correlated ΓΓ RVs
To present a general model for correlated ΓΓ subchannels, we consider the fading correlation as arising partly from small-scale and partly from largescale turbulent eddies. Let us denote the correlation coefficient between two sub-channel fading coefficients by ρ, and the corresponding correlation coefficients between the large-scale and smallscale fading coefficients by ρ X and ρ Y , respectively. Given the independence of large-and small-scale fading according to the ΓΓ model, we have [20] :
Since we have equal fading correlation coefficients between pairs of sub-channels due to the specific receiver structure in Fig. 1 , this scalar-form equation is sufficient to describe our case study. This expression can be extended to the general case of M sub-channels: a correlated ΓΓ vector h of size M and with (M × M ) auto-correlation matrix R h can be divided into a correlated Gamma vector X with auto-correlation matrix R X , and another correlated Gamma vector Y with auto-correlation matrix R Y , such that:
where represents the Hadamard product. Obtaining R h from wave-optics simulations, we have to set R X and R Y . Then, the generation of M correlated ΓΓ RVs is reduced to generating two separate sets of M correlated Gamma RVs. For this, we use the Sim's method proposed in [25] , due to its high accuracy, as explained in [26] . By this method, arbitrarily-correlated Gamma RVs are obtained using two separate sets of independent Gamma and Beta RVs. Each correlated Gamma RV is considered as a linear summation of the products of a Gamma RV and a weighted Beta RV. The weighting coefficients and the parameters of the independent Gamma and Beta RVs are determined given the shape and scale parameters of the required correlated Gamma RVs and their covariance matrix (see [25] , Sections 3 and 4, for details). However, this method imposes some constraints on the specific parameters of the corresponding required RVs as explained in [25, 26] . If these constraints are not satisfied, one should refer to other methods, such as that proposed in [26, 27] . In fact, for the special structure of Fig. 1 where we have the same correlation coefficient between the sub-channels, we can always use the Sim's method.
The remaining problem is to calculate ρ X and ρ Y for a given ρ for each sub-channel pair. From (3), we notice that, mathematically, there is an infinite number of solutions for ρ X and ρ Y . We propose in the following section a set of criteria to appropriately set these parameters.
Setting small-and large-scale correlation coefficients
In general, the choice of ρ X and ρ Y is important and they should be set appropriately in order to predict accurately the system performance. Unfortunately, we cannot directly separate the statistics of smalland large-scale turbulence through wave-optics simulations nor by experiments, and hence, we cannot evaluate ρ X and ρ Y directly. We propose here a set of criteria to set ρ X and ρ Y based on scintillation theory [1] , and later discuss their rationality.
It is well known that the light beam propagating through the atmosphere is affected by turbulent eddies of different sizes ranging from l 0 to L 0 , which denote the inner and outer scales of turbulence, respectively. The effective sizes of large-scale turbulence range from the lower bound of largescale turbulence (denoted by l X ) to L 0 . Also, the effective sizes of small-scale turbulence range from l 0 to the upper bound of small-scale turbulence (denoted by l Y ). Let us denote the link distance by Z. Consider the three scale sizes of spatial coherence radius ρ 0 , first Fresnel zone Z/k, and scattering disk Z/kρ 0 , denoted here by 1 , 2 , and 3 , respectively. We have [1] :
Let us consider the two cases of Δ E > l Y and Δ E l Y separately. For Δ E > l Y , the small-scale turbulence would not affect the irradiance at different apertures simultaneously and it is reasonable to set [ρ Y = 0]. For Δ E l Y , the specific turbulence conditions should be considered to set ρ X and ρ Y . In the strong turbulence regime, the bounds l X and l Y are usually separated and we have l X > l Y (i.e., 1 < 2 < 3 ) [1] . In addition, l Y is usually much smaller than the diameter of the practical receiver apertures (typically from 5 to 20 cm). Thus, the intensity fluctuations arising from the small-scale turbulence can be averaged out effectively, which leads to ρ Y ≈ 0. On the other hand, under weak-tomoderate turbulence conditions, all turbulent eddies of any size affect the propagating beam. In such situations, 1 > 2 , 2 > 3 , and hence, l X = l Y ➀ First, by wave-optics simulations, we obtain the PDFs of the received intensities on the three apertures that we denote by PDF WO .
➁ We calculate the fading correlation coefficients corresponding to the three pairs of subchannels, and take the average of them to obtain ρ.
➂ The PDFs obtained in
Step ➀ are reasonably very close, and hence, we arbitrarily choose one of them. We use the MATLAB lsqcurvefit function, which is based on the LevenbergMarquardt algorithm, to fit this PDF to a ΓΓ distribution and to get the best-fit parameters α and β [28] . We denote the corresponding ΓΓ distribution by PDF ΓΓ,fit .
➃ Because we perform EGC at the receiver, we calculate the PDF of the sum of received intensities on the three receiver apertures from the wave-optics simulation results in Step ➀, and denote it by PDF EGC .
➄ We use the best-fit parameters α and β obtained in Step ➂ to generate two sets of three correlated ΓΓ RVs, corresponding to each solution of [ρ Y = 0] and [ρ X = ρ Y ]. Then, we obtain for each set, the distribution of the sum of the generated RVs that we denote by PDF ΓΓ1 and PDF ΓΓ2 , respectively.
➅ The distributions PDF ΓΓ1 and PDF ΓΓ2 are compared with PDF EGC , obtained in Step ➃, to see which of the two solutions is more appropriate.
For the sake of clarity, this verification method is presented in a flow-chart form in Fig. 2 .
6.A. Wave-optics simulation parameters
At the transmitter, we consider a divergent Gaussian beam at λ = 1550 nm with the beam waist W 0 = 1.59 cm and a beam divergence of θ div = 0.46 mrad. Concerning the FSO channel, we consider the refractive-index structure parameter C 2 n = 6.5 × 10 −14 m −2/3 and the inner and outer scales of turbulence l 0 = 6.1 mm and L 0 = 1.3 m. These parameters correspond to the experimental works reported in [3] . Concerning the receiver, we consider collecting lenses of diameter D R = 5 cm assembled on the receiver plate of total diameter 25 cm. For wave-optics simulations, the grid spacing is set to Δ x = Δ y = 2 mm, and the grid size parameter N and the number of phase screens are set depending on the link distance Z [20] . We consider link distances of more than 1 km, which necessitated very long and large memory-consuming wave-optic simulations.
6.B. Numerical results
Our criteria for setting ρ X and ρ Y depend on the propagation conditions, and more precisely, on the three typical scale sizes 1 , 2 , and 3 . These scale sizes are listed in Table 1 for different link distances from Z = 1 to 5 km together with the Rytov variance σ 2 R . From this data and (6), we notice that there is a large difference between l X and l Y for Z ≥ 2.0 km.
Let us focus on the distances Z = 1.0, 1.3, and Z = 2.0 km that correspond to three different cases regarding the scintillation parameters. We also con- sider the aperture spacings of Δ C = 5 and 6 cm, corresponding to Δ E = 0 and 1 cm, respectively, which result in relatively large correlation coefficients. For these aperture spacings, from Table 1 and (6), we have Δ E < l Y . Following the above-described verification method, for different Z and Δ E values, we have compared in Fig. 3 the PDF of the normalized ln(I) obtained by the wave-optics simulations, i.e., PDF EGC , with those obtained via ΓΓ best-fit and the two solutions of [ρ Y = 0] and [ρ X = ρ Y ], i.e., PDF ΓΓ1 and PDF ΓΓ2 , respectively. As reference, we have also shown the corresponding PDF for the case of (1 × 1) system, i.e., PDF WO , with the same D R = 5 cm, which can be seen to be very close to PDF ΓΓ,fit . Note that the number of samples in wave-optics simulations has been at least 4 × 10 4 in order to obtain accurate PDFs. Also, the PDFs of the sum of generated RVs are averaged over more than 200 RV generations of 10 6 samples each. As the BER performance at relatively high SNRs is determined by the left tail of the PDF, we focus on this part, corresponding to ln(I) < 0.
For the (1 × 3) systems, we consider the three following cases.
• 1 2 3 : By this condition which is valid in the weak-to-moderate turbulence regime, we have l X = l Y . This is for instance the case for Z = 1 km, shown in Figs. 3(a) and 3(b) , where we notice that the difference between the PDFs corresponding to the two solutions is very small, with a very slight advantage for the [ρ X = ρ Y ] solution.
• 1 ≈ 2 ≈ 3 : This condition, resulting in l X ≈ l Y , is valid in the moderate-to-strong turbulence regime, for which we did not know how to set ρ X and ρ Y (see the last paragraph of Section 5). This is the case for Z = 1.3 km in can be chosen for predicting the system outage probability and BER.
• 1 < 2 < 3 : Under this condition, valid for the strong turbulence regime, we have l X > l Y . This is the case for Z ≥ 1.5 km in Table 1 . For Z = 2 km, from Figs. 3(e) and 3(f), we notice that the PDF for the solution [ρ Y = 0] is closer to the objective PDF, i.e., PDF EGC .
For larger aperture spacings where Δ E > l Y , we have a smaller ρ and the difference between the PDFs corresponding to the two solutions becomes smaller accordingly. However, we have verified that PDF ΓΓ1 is closer to PDF EGC , and hence, the solution of [ρ Y = 0] is more appropriate. These results are not presented here for the sake of brevity. We have summarized the resulting guidelines for setting ρ X and ρ Y in Table 2 , depending on the scintillation parameters and Δ E .
Study of outage probability and BER
We use uncoded on-off keying (OOK) modulation and perform EGC on the received signals prior to optimal signal demodulation, assuming perfect channel knowledge [29] . We model the thermal noise at the PIN photodiode by an additive white Gaussian process of zero mean and variance σ 2 n = N 0 /2. To set the SNR, we take the case of a singleaperture (1 × 1) system of D R = 5 cm as reference. Given the received intensity I, the average SNR is defined as γ = E{I} 2 /(4σ 2 n ) [12] , where we have set the optical-to-electrical conversion coefficient to unity. Then, for an M -aperture FSO system, the SNR after EGC is γ out = I 2 out /(4Mσ 2 n ), where I out represents the total received intensity at the receiver. The outage probability P out is defined as the probability that γ out falls below a specific threshold γ th , i.e., P out = Prob{γ out < γ th }. For performance evaluation, we consider P out versus the normalized threshold γ th /γ [15] , as well as the average BER versus the average SNR γ.
7.
A. Impact of ρ X and ρ Y setting Let us first see, for a given ρ, how the choice of ρ X and ρ Y affects the system performance. For instance, we consider the cases of Z = 1 and 2 km with Δ C = 5 cm, or equivalently Δ E = 0, considered in Figs. 3(a) and 3(e) , respectively. (We chose this Δ E to have a larger ρ.) For the latter case, we have a larger difference between the PDFs corresponding to the two solutions in Fig. 3(e) . We use the best-fit α and β parameters to generate correlated ΓΓ RVs. The P out and BER results are contrasted in Fig. 4 , where the cases of independent fading are also presented as reference. As expected, when there is a large difference between the left tails of the corresponding PDFs, we have a larger difference between the curves of P out and BER as well. Referring to Table 2 , the appropriate solutions for Z = 2 and Z = 1 km are [ρ Y = 0] and [ρ X = ρ Y ], respectively. However, we notice a small difference between the corresponding curves of P out and BER in the latter case. For instance, from Fig. 4(a) , considering a target P out of 10 −6 , the difference of the normalized threshold γ th /γ by the two solutions is about 0.1 dB. Also, from Fig. 4(b) , the SNR difference is about 0.2 dB at a target BER of 10 −5 .
As a matter of fact, in the weak turbulence regime, we generally experience low fading correlation in practice [17, 20] , and consequently, the PDFs and system performances corresponding to the two solutions are very close. As a result, we can practically set [ρ Y = 0] in the weak turbulence regime as well. Overall, [ρ Y = 0] can be considered as a general solution in any turbulence regime and whatever the scintillation parameters.
From Fig. 4 , for the case of Z = 2 km, the difference of the P out and BER curves corresponding to the two solutions is more considerable than for Z = 1 km: considering a target P out of 10 −6 , we have a difference of about 1.5 dB between the corresponding normalized thresholds.
From the presented results, one may think that the choice of ρ X and ρ Y impacts negligibly the system performance. However, the difference of pre- dicted performance for the two solutions can in fact be quite significant for larger correlation coefficients. To show this, we have contrasted the curves of P out and BER for Z = 5 km in Fig. 5 with different receiver aperture diameters and spacings satisfying a correlation coefficient of ρ = 0.31. Note that, referring to the discussions of the previous section, the appropriate solution here is [ρ Y = 0], since Δ E < l Y and 1 < 2 < 3 . Also, the parameters α and β are calculated based on the expressions provided in [1] . We notice that the difference between the performances predicted by the two methods can be quite large. For instance, for D R = 2 cm, we have a difference of 9 dB in the normalized SNR threshold at P out = 10 −6 , and a difference of about 6 dB in SNR at BER= 10 −5 , as shown in Figs. 5(a) and 5(b), respectively. These results confirm the necessity of the correct setting of ρ X and ρ Y .
7.B. Effect of correlation on system performance
Finally, to illustrate the effect of fading correlation on P out and BER performances, we have presented the corresponding curves in Fig. 6 (a) and 6(b), respectively, for a (1×3) system with Z = 5 km, D R = 5 cm, and different aperture spacings Δ C = 5 cm to 12 cm. The corresponding fading correlation coefficients ρ are obtained via wave-optics simulations, and the solution of [ρ Y = 0] is chosen following the discussions of the previous subsection. These results confirm that fading correlation can substantially impair the system performance. For instance, at a target P out of 10 −6 and for Δ C = 5 cm, we have an SNR penalty of about 18.5 dB, compared to the ideal uncorrelated fading case. Also, the corresponding SNR loss is about 12.5 dB at a target BER of 10 −5 .
Conclusions
For the case of receive-diversity FSO systems, we considered outage probability and average BER performance evaluation over correlated ΓΓ fading channels. We proposed a method to generate correlated ΓΓ RVs based on decomposing the fading correlation into the correlation on small-and largescale turbulence components. For a given correlation coefficient ρ, based on scintillation theory, we proposed some criteria for setting the corresponding fading correlation coefficients ρ X and ρ Y . Validating the proposed criteria by wave-optics simulations, we further demonstrated by means of Monte Carlo simulations that we can adopt the simple solution of [ρ Y = 0] in any turbulence regime and for any scintillation parameters. This solution can also be used for other space-diversity FSO configurations. In fact, although due to space limitations, we did not present any result on transmit-diversity FSO systems, we found that we can practically use the solution of [ρ Y = 0] as well, irrespective of the turbulence conditions.
